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■ Abstract. In this paper, we evaluate archimedean zeta integrals for automorpliic L- 
functions on GL„ x GLn-i+i and on S02n+i x GLn+e, for £ ~ —1, 0, and 1. In each 

■ of these cases, the zeta integrals in question may be expressed as Mellin transforms of prod- 
I ! ucts of class one Whittaker functions. Here, we obtain explicit expressions for these Mellin 

transforms in terms of Gamma functions and Barnes integrals. 

When ^ = or ^ = 1, the archimedean zeta integrals amount to integrals over the full 
torus. We show that, as has been predicted by Bump for such domains of integration, these 
zeta integrals are equal to the corresponding local L-factors - which are simple rational 

■ combinations of Gamma functions. In the cases of GL„ x GL^-i and GL^ x GL^ this 
I has, in large part, been shown previously by the second author of the present work, though 

(-H ' the results here are more general in that they do not require the assumption of trivial 

central characters. (Our techniques here are also quite different. New formulas for Gi(n, R) 
Whittaker functions, obtained recently by the authors of this work, allow for substantially 
simplifed computations.) For the cases of S'02n+i x GLn and 502n+i x GLn+i, results such 
as these have been deduced previously only for a few instances of small rank. 

In the case £ = —1, we express our archimedean zeta integrals explicitly in terms of 
^ ' Gamma functions and certain Barnes-type integrals. These evaluations rely on new recursive 

formulas, derived herein, for GL(n,R) Whittaker functions. Our results concerning these 
zeta integrals, in these situations, generalize work of Hoffstein and Murty for the case of 
I GL3 X Gil, and parallel similar results, obtained by the first author of the present work 

and by Moriyama, for the spinor L- function on GSp2- 
I Finally, in our appendix, we indicate an approach to certain unramified calculations, 

on S02n+i X GLn and S02n+i x GLn+i, that parallels our method in the correspond- 
ing archimedean situation. While the unramified theory has already been treated using 
more direct methods, we hope that the connections evoked herein might facilitate future 
archimedean computations. 

.cy.' Introduction 

In this paper we investigate the behavior, at archimedean places, of zeta integrals associ- 
ated to certain automorphic forms and L-functions, and develop explicit formulas for these 
integrals at such places. 

More specifically: let G and G' be reductive algebraic groups; let vr and vr' be automorphic 
cuspidal representations of G(A) and G'(A) respectively, where A denotes the adeles over 
a global field F. Following Langlands [20], one may define a global L-function L{s,'k x 
tt'), for s G C of sufficiently large real part. The Langlands program then predicts that 
L(s, TT X tt') should admit meromorphic continuation in s (with only finitely many poles in 
C), and a functional equation under (vr, vr', s) — t- (tt^, (tt')^, 1 — s) (where vr^ and (vr')^ are 
the representations contragredient to vr and vr', respectively). 

An especially powerful and fruitful approach to the study of L(s, tt x tt') is through the 
zeta-integral method. At the core of this method is the construction of a certain "global zeta 
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integral" Z{s,ip x which is, typically, an adelic integral involving automorphic forms 
associated with vr, n', and s. The specific form taken by Z{s,(p x ip') will depend on the 
choice of G and G'; see (10. ip below for details, in the cases of concern to us in this article. In 
any case, the automorphicity and analytic properties of the various factors in the integrand 
of Z{s, (p X (p') should bestow upon this global integral both a meromorphic continuation 
and a functional equation in s. To deduce similar properties of L{s, vr x vr'), one writes both 
this global L-function and the global integral Z{s, ip x ip') as products of local factors, and 
then compares, at each place of F, the local L-function - which will, generally, amount to a 
rational combination of gamma functions involving s and the eigenvalues of (p and (p' - with 
the local zeta integral. 

Let us elaborate, in the situations that will concern us in this article, namely: the cases 
{G,G') = {GLn,GLn-i+i) and (G, G') = (^02„+i, GL„+^), for i an integer with \e\ < 1. 
(Of course, by symmetry, our investigations will also apply to the cases of (G, G') = 
{GLn, GLn+j), for j = 1 or 2.) See, in particular, the works of Jacquet and Shalika |T6], [T7] . 
and [18], and of Jacquet, Piatetski-Shapiro, and Shalika |T5], for those cases where G = GL„; 
the works of Gelbart, Piatetski-Shapiro, and Rallis [6], of Ginzburg [7], and of Soudry |2^ . 
[25] for those cases where G = S02n+i] and the monograph of Gelbart and Shahidi [5] for 
general discussions. We summarize some of the relevant points as follows. 

The global zeta integral Z{s, ip, ip') may be defined by: 

if (G, G') = {GLn, GLn), 

if (G, G') = {GLn, GLm) 
for m < n, 

if {G,G') = {S02n+l,GLn+l), 
if {G,G') = {S02n+l,GLm) 

for m < n. 

We explain: in each case, (p and ip' are cusp forms in the spaces of tt and vr' respectively. 
Also, E{g,s) denotes a maximal parabolic Eisenstein series on GLn, while Eip'{g,s) denotes 
an Eisenstein series on S02m, induced from the representation vr ® Idetl**"^/^ on the Levi 
component = GL^ of the Siegel parabolic subgroup Pm of SO 2m- Further, in general, 
/|d denotes restriction of the function / to the subdomain D. (In the cases above, the 
indicated subdomains must be realized as subgroups of the original domains in suitable 
ways.) Finally, ipN denotes an averaging of ip, weighted by a nondegenerate character ip, 
over a certain subgroup of GL„ (in the case of GLn x GLm) or of S02n+i (in the case of 
S02n+i X GLm). (In the latter case, is trivial when m = n.) 

Now let us write vr = ®yTiu, with a representation of G{Fy) for each place v of F, and 
similarly write tt' = (8)jy7r^. Then we have the factorization L{s,tt x tt') = Yli^ L{s,7t^ x tt^). 
We will also assume, from now on, that vr' is generic, meaning it admits a nonzero Whit- 
taker model. (This is automatic in the cases G' = GLn, GLn+i, and GLn+2 ^ automorphic 
representations of GL^ are always generic. For this same reason, vr will, in our situa- 
tion, always admit a nonzero Whittaker model.) Then, by the Rankin- Selberg unfolding 



Z{s,ip,ip) 
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S02„+i(F)\502„+i(A) 
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method, the global integral Z{s, if, if') may itself be expressed as a product of local factors 
Zy{s,Wy,Wl). Here, is a Whittaker function for vr^, and Wl a Whittaker function for 
TT^, and Zy{s,Wi,,Wl,) may be seen to amount, essentially, to a certain Mellin transform of 
Wy times Wl- (More specific details on these local Whittaker functions and zeta integrals 
will be provided in the sections to follow.) 

Again, the program at hand entails the comparison of vr^ x tt^) to Zy(s, Wy, W^), at 
each place u. To this end, it has been shown that, if z/ is a nonarchimedean place of F, and 
TTjy and 111 are unramified, class one principal series representations, then L{s, tTj, x tt^) and 
Zy{s, Wy, Wl) are, in each of the cases delineated above, in fact equal. (See the references 
cited in the fourth paragragh of this Introduction.) 

In the present work we will show that, in certain circumstances, the archimedean places 
behave like the unramified nonarchimedean ones, while in other circumstances they behave 
somewhat differently. Specifically, let us and assume that v is real or complex, and that 
Tiu and are irreducible class one principal series representations. (Irreducibility of such 
representations is automatic for almost all values of v and v' .) We prove that, if these 
conditions are met, then in all of the above cases in which ^ is nonnegative, we have 

Zy{s,Wy,Wl) = L{s,TlyXTl'^). 

These results agree with a conjecture of Bump [Bu3], which states that, in general, archimedean 
zeta integrals and L-functions should coincide in cases where the former are defined as inte- 
grals over the full torus. 

Strictly speaking, our computations below will be performed under the assumption that 
V is, in fact, real. In the cases where G = GLn+i-e for some i, the real case implies the 
complex case, by straightforward relationships (cf. [28]) between real and complex Whittaker 
functions for GLm. Analogous relationships between real and complex S02n+i Whittaker 
functions may be deduced similarly. 

We remark that, in the cases {G,G') = {GLn,GLn~i) and {G,G') = (GLn,GLn), equal- 
ity of the archimedean zeta integrals and the corresponding L-functions has already been 
demonstrated, under the somewhat more restrictive assumption that the representations in 
question are induced from representations with trivial central characters. See [H] for the 
case G X G' = GL2 x GL2, [2] for the case G x G' = GL^ x GL2, [29] for the general case 
of GLn X GLn-i, and [30] for the general case of GLn x GLn. By expressing Whittaker 
functions corresponding to more general central characters in terms of those arising in the 
case of trivial central characters, we obviate, in the present work, the need for such restric- 
tions. Our proofs herein are further simplified by the use of more recently obtained recursive 
formulas, developed by the authors in [12], for archimedean Whittaker functions on GLn. 

We also note that, for certain small values of n, the archimedean calculations for S02n+i x 
GLn+i have also been developed previously. See [21] for the case of SO5 x GL2, and [10] 
for the case of SO5 x GL3. (Results concerning 5*03 are subsumed by those regarding GL2, 
since S'03(R) Whittaker functions may be realized as special cases of GL2(R.) Whittaker 
functions. In particular, compare Proposition 1.2, below, in the case n = 2, with Proposition 
1.3 in the case n = 1.) 

In the cases of GLn x GLn-2 and S02n+i x GLn-i, the archimedean zeta integrals in 
question are taken over proper subgroups of the full torus. In such situations one does 
not, generally, expect equality of these zeta integrals with the associated local L-functions. 
Indeed Hoff stein and Murty [8] have shown that, in the case of GL^ x GLi and for u real. 
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the quotient 

Z,{s,W,,W:,)/L{s,7r,X7Tl) 

is expressible as a single- fold Barnes integral (as defined in Section 1.3 below). In this present 
work, we extend the results of Hoffstein and Murty to the case of general n, and give explicit 
formulas for the Barnes integrals that arise in such cases. Our results here may also be seen 
as analogous to those of the first author of this work and of Moriyama [11], for the spinor 
L-f unction on GSp2- 

The present paper will proceed as follows. In Section 1 we recall fundamental notions of 
principal series representations; we also present a variety of recursive formulas (many of them 
formerly derived elsewhere, but a number of them new) for class one Whittaker functions, 
and for Mellin transforms thereof. We also derive some recursive formulas for (multifold) 
Barnes integrals, which will be critical to our evaluation of archimedean zeta integrals in 
subsequent sections. 

In Section 2 we consider the archimedean zeta integrals for GLn x GLn-i+e, in the cases 
£ = —1, 0, 1. We demonstrate that, in the last two of these cases, these zeta integrals coincide 
with the associated archimedean L-functions, which are themselves expressible as products 
of {n — l + i)n Gamma functions. Again, these results are consistent with Bump's conjecture 
[3] concerning archimedean zeta integrals over a full torus. We also show that, in the first 
case (where the integration is not over the full torus), the archimedean zeta integral equals 
the associated L-factor (which is in turn equal to a product of {n — 2)n Gamma functions) 
times a certain Barnes-type integral (in a single variable of integration). As noted above, this 
generalizes work of Hoffstein and Murty concerning L-functions on GL^ x GLi, and parallels 
work of the first author of this work and of Moriyama regarding the spinor L-function on 
GSp2. 

In Section 3 we compute the archimedean zeta integrals for S02n+i x GLn+e, for i equal to 
— 1, 0, or 1. We demonstrate that, in the last two of these cases, the zeta integral coincides 
with the associated archimedean L-factor, which itself equals a product of 2n{n + i) Gamma 
factors, divided by a product of n + i such. (These results again reflect Bump's conjecture, 
cited directly above, and generalize the work of Niwa [21] in the case of SO5 x GL2, and of 
the first author of this paper [TU] for the case of 5*05 x GL^.) Additionally we demonstrate 
that, in the case of S02n+i x GLn-i (where the integration is not over the full torus), 
the archimedean zeta integral equals the associated L-factor (which comprises, in this case, 
2n(n — 1) Gamma factors in the numerator and n — 1 in the denominator) times a single- fold 
integral of Barnes type. 

Finally, in our appendix, we outline an approach to unramified zeta integrals on S02n+i x 
GLn and on S02n+i x GLn+i that mimics, in number of ways, our treatment of the analogous 
archimedean entities. While these unramified calculations have been performed previously, 
in more direct fashions, we hope that the parallels suggested by our method might help 
elucidate other aspects of the archimedean theory. 

The authors would like to thank Professor Takayuki Oda for his time, his expertise, his 
hospitality, and his generosity, all of which greatly facihtated the collaboration that resulted 
in this work. 

1. Explicit formulas for Whittaker functions 

In this section, we discuss class one principal series representations and the associated 
Whittaker functions. We also recall explicit formulas, obtained by the authors [9], [T^, for 
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Whittaker functions on G'L„(R) and S02n+i(R), and provide some new formulas concerning 
GLn(R) Whittaker functions. 

1.1. Class one Whittaker functions. Let G be the group GL„(R) or S02n+i(R)- Here 
S02n+i(R') — SOn+in{^) IS the Split Special orthogonal group with respect to the anti- 

diagonal matrix I ofsize2n+l. Denote by X the maximal unipotent subgroup 

V ' I 

of G that consists of upper triangular unipotent matrices in G. Let Y be the subgroup of G 
defined by 



Y 



{diag(ti, . . . , t„) I > 0} if G = GL„(R), 

{diag(ti, . . . , tn, 1, t-\ tr') \ti>0} if G = 502n+l(R)- 



We introduce coordinates (yi, . . . , y„) (y^ > 0) on y by putting = ti/ti+i for 1 < i < n — 1 
and Un — tni we then write 

■ ■ ■ , yn] = diag(yi • • • y„, ^2 • • • Z/n, ■ ■ ■ , ^n) e GL„(R), 
^bi, diag(yi • • • . . . , 1, . . . , (yi • • • y„)~^) e ,S02n+i(R')- 

We write 0(n) = {c/ G GLn(R) | = 1} and SO{m) = 5L^(R) n 0(m), and take K to 
be the maximal compact subgroup of G defined by 



K 



f0(n) ifG = GL„(R), 

\S0{2n + 1) n G ^ SO{n) x SO{n + 1) if G = 502n+i(R)- 



Then the Iwasawa decomposition G = XYK holds. 

To introduce the notion of a Whittaker function, we define a nondegenerate unitary char- 
acter on X by 



m 

ip{x) = exp^27ri Xjj+i j , x = {xj^k) £ X- 



Here m = n — lifG = GL„(R), while m — n\lG — 5'02n+i(R)- Let >V(^/') be the space of 
smooth functions w : G — > C satisfying 

w{xg) = '4>{x)w{g), for all {x,g) e X x G. 

By the right regular action, the space yV{ip) becomes a G- module. For an irreducible admissi- 
ble smooth representation it of G, it is known that the dimension of the space HomG(7r, W{ijj)) 
of intertwining operators is at most one. Throughout, we will assume that tt is generic, mean- 
ing this dimension is, in fact, exactly equal to one. (Again, this stipulation is redundant in 
the case of GL„(R).) 

We denote by yV{n,ip) the image of tt in W{ip). Then, for a vector v E n, v/e define the 
(?/'-) Whittaker function attached to v to be the image (uniquely defined up to a scalar) 
of V in yV{7T,ijj), under such an intertwining operator. 

In this paper we consider Whittaker functions for class one principal series representations 
of G, defined as follows. Let H be the Borel subgroup of G with Langlands decomposition 
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H = MYX, where 

{diag(5i, . . . , e {±1}} if G = GL^R), 

{diag(ei, £i) | e {±1}} if G = S'02n+i(R). 



Let 



n-1 



Y3y 



3=1 i=i 
Then for a = (ai, . . . , a„), h = . . . , 6„) G C", we define characters Xa > xf of H by 

X^(m|/a;) = y^'^ R^li yr^'""""^ if G = GL„(R), 
Xf (myx) = yP'^ n;=i l/^^^"^'^' if G = 502n+i(R), 
where m e M, x ^ X, and 

tt[|/i, ■ ■ ■ , Z/n] if G = GL„(R), 

if G = 502n+l(R). 

We call the induced representations 

- l-4'^'^\xt) and TTf = Indf --(^)(xf ) 

the class one principal series representations of GL„(R) and 5'02n+i(R'), respectively. 

There is then a vector Vq in tt^ (respectively, tt^), unique up to constants, satisfying 
7r^{k)vo = Vq (respectively, 7r^(k)vo = vq) for all k E K. We call the Whittaker function W^g 
attached to Vq the class one Whittaker function on G. (This Whittaker function is uniquely 
defined only up to scalars; it is conventional to normalize our choice of W^^ by stipulating 
that Wygle) = 1, where e is the identity in G.) Since the class one Whittaker function Wv„ on 
G is a right i^'-invariant function, the Iwasawa decomposition implies that VF^,,, is determined 
by its restriction Wyo|y to Y. Conversely, we can extend a function w on F to a function on 
G by defining 

(1.1) w{g) = ilj{x{g))w{y{g)), g e G, 

where g = x{g)y{g)k{g) {x{g) G X,y{g) G Y, k{g) G K) is the Iwasawa decomposition of g. 

1.2. Integral representations of class one Whittaker functions. Wc now wish to 
present explicit formulas for the class one Whittaker functions on G. Since these formulas 
relate Whittaker functions on GL„(R) and 5'02n+i(R') to those on GL„_i(R) and 5'02n-i(R') 
respectively, we need to first do the same for our class one principal series representations. 

Definition 1.1. ( 1 ) To the class one principal series representation tt^ of GL„ (R) , we as- 
sociate a class one principal series representation vra (a = (oi, . . . , a„_i)) of GL„_i(R) 
by putting = Oj+i + ai/(n — 1) for 1 < j < n — 1. 
(2) To the class one principal series representation tt^ of S'02n+i(R), we associate a class 
one principal series representation {b = (6i, . . . , 6n-i)) of 5'02n-i(R-) by putting 
bj = bj for 1 < J < n — 1. 

Note that, if we write 

n n— 1 
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for Tx^ and vr- , then have \a\ = \a\. 

Our exphcit formulas for class one Whittaker functions in terms of the associated class 
one principal series representations are given by the following two propositions. 

Proposition 1.2. [121 cf. Theorem 14] For G = GLn{lV), we define a function 

on Y by the recursive relation 
l?4(abi,...,y„_i,l]) 

Wtr, (a 



(R+)"-i 
■n-1 



^2 t-n-l , 

y2\i —,■ ■ ■ ,yn-i\ - — ,1 



JJexp|-(7ryj)% - ^} • im) 



^|(n-j)ai/{n-l)^n(ii/(2(n-l)) 



1-1 7, 



/or n > 3, an(^ t?4^,,,)(abi, 1]) = 2y^+'^^)/'ir(„,_„,)/2(27ryi). ^i/ere, K denotes the K- 
Bessel function, cf. ^^■) If we extend the function W^^^ to G by fli.ip . then W^^^ gives a 
class one Whittaker function on G. 

Proof. In our previous paper [12] we considered the context of S'L„(R), that is, we assumed 
\a\ = for the parameter of the class one principal series representation. The recursive 
relation for the radial part 

l?„^^(l/i, . . . ,y„_i) = . . . ,i/„-i, {yiyl ■ ■■y'r-\r"'']) 

of the "p-shifted" Whittaker function on ^-^^(R) is given by 



iy„^^(yi,...,y„_i) 



(R+)"-i 
n-1 

JJexp 

j=i 



Theorem 14]). Here u = (z/i, . . . , Un) G C" satisfies J2^=i — 0' ^^"^ = (^i' ■ ■ ■ ' ^n-i) 
with z7j = z/j+i + z/i/(n — 1). In view of the formula 

W^^Myi, ■ ■ •,!/«]) = (detail, . . . , i/„])l'^l/"1^4(a[yi, . . . (y^/^' " " " 

we find, writing Vi = ai — \a\/n for 1 < i < Ti, that 

rn-l 



1.2) 



n 

Lj = l 



„ J>l/" 

^3 



W^l^{y^,...,yn-i). 



From this, and the fact that \a\ = \a\, we get 

n— 1 „ n— 2 

^^n>bi,---,i/n-i,i])=n^f'^" / n 

i=i Ji^+r-' j=i 



yj+1' 



-j\a\/in-l) 



^2 tn-l 

y2\i —,■ ■ ■ ,yn-i\ - — ,1 

V ^^"-2 
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X 



■n-1 



JJexp 

•j=i 



We can check that 



rn-l 



Uvr" n ft 



■j=i 



■n-2 



■j=l 



-j|a|/(n-l)-| 



•n-1 



Y^{Tiy^)^'^~3)yxl(n-\)fyil(:i{n-\)) 



■j=l 



■n-1 



■Q(^^^^.)(n-i)ai/(n-l)^nai/(2(n-l)) 



So our recursive formula in p2j yields the recursive formula in the statement of the present 
proposition, and we are done. □ 

Proposition 1.3. [9, Theorem 3.1] For G = S02n+i(R-) , we define a function 

W^^,i(3[y^, . . .,y„]) = yP^^WU^iy,, . . .,?/„]) 

on Y by the recursive relation 

W^^M,,...,yn]) 



(R+)" ^(R+)"-i 
n 



t2U2 Itn-lUn-l / t„. 

y2\l r— ' • • ■^yn-l\l—_ ,2/n1 



tnUn-2 



•i=i 



rn-l 



Un-l 
1 



t 



i+1 ""i 



xt'/ll^fl^ 

j=i j=i i 

for n>2, and W^i^(fcj)(/3bi]) = 2Kb^/2{2TTyi) . If we extend the function W^^ to G by (TTTI) . 
then W^fj gives a class one Whittaker function on G. 

For later use, we derive a new, additional recursive formula for GL{n, R) class one Whit- 
taker functions. 

Proposition 1.4. For s G C, define 

(1.3) Tn{s) = n-'/'r{s/2). 

We then have the recurrence relation 



W:^,aHyi,...,yn]) 



]^rR(ai - aj + 1) 

4=2 



■n-1 



]-[^-.a./(n-l) 



4=1 



(1.4) 



R" 



\/QiQ3 y/Q2q4 Jqn-iqn+1 

yi , y2 , • • • , yn-i 



X 



n-1 



92 

XjXj^l 



53 



n— 1 , 

-nai/(2(n-l)) dXj 

,=1 
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where 



n-1 



Qj = qj{xi,..., Xn-i) = 1 + ^ Xp for 1 < j < n - 1; g„ = g„+i = a;„ = 1. 



p=j 



Proof. To prove the relation (11 ■4p . we recall the original integral representation of class 
one (^^(n, R) Whittaker functions, introduced by Jacquet [13j: 



Jn,a{9) = / Hn,a{WnXg)lp ^{x)dx, 



X 



Here Hn,a{g) = Xaivig)) = y^''^ll]=iyT'^ if yig) = • • •,!/«]• Then, as is shown in 
[26] . Jn,a{g) is related to the class one Whittaker function W^^^ defined above by the formula 



1.5) 



l<j<k<n 



For X G X as in the Jacquet integral, let use write x = {xj^k)i<j,k<n- As in [221 §3], the 



substitutions Xj^k — >■ iY[p=] yp)^j,k ^ j < k < n) imply that 

^n,a(abl, • • • , yn]) = y^'^^n,a(abl, • • • , ?/n]), 

where 



^n,a(abi, ...,?/„])= y]^ 



\a\ 



;i.6) 



■n-1 

•i=i 



-(ai+a2H \-an-j)+\°'\ 



X 



/Rn(n-l)/2 V ^ ' / 



j=L ' l<j< 

The following explicit formula for Hn,a{wnx) given in [26], Appendix]: 



n-1 



;i-7) 



)/2 



m,=l 



where A^^^l^^) is the sum of the squares of the m x m subdeterminants of the m x n matrix 
formed from the top m rows of x. Using this formula, we will modify the integral (11 .6^ 
to prove our proposition. Roughly speaking, the idea here is that that, if we integrate the 
integrand in (II. 6p over those Xj^k with l<j<k<n — 1 only, we are left with a certain 
integral involving Jn-i,a- 

We first relate Hn^a to Hn^i a- 

Claim. For x = {xj^k)i<j,k<n ^ X , let introduce new variables Xj {1 < j < n — 1), and an 
{n — 1) X [n — 1) upper triangular unipotent matrix x' = (x^- fc)i<j,fc<ra-i, by the relations 



X 



n-1 

j,n ^ 5Z ^J'^^^ (1 < j < - ly 

e=j 
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and 



Then we have 



Qk , 

X ■ 

qtqi+iqk+i 



n—l / \ (a,i_m+i— a„_m-l)/2- 



n 

■m=l 



Qm+l 



{l<j<k<n-l). 



Hn-ln{Wn^lx'). 



Proof of Claim. We can write x = xk, with 



X 



x" 

-1/2 _ 

X 



K 



1/2 



k' ^X 



Here 



I'kJ l<j,k<n-V 



X 



K 



Xi X2 



■^n— 2 Xn—1 



a/91^' a/^' " ' y/qn-2qn-l ' y/qn-1 ' ' 



Xi X2 



Xfi—l 



and k' = (/tj- fc)i<i,fe<n-i with 



if l<j = A;<n-l, 
-{qjqj+iY^/^XjXk if 1 < j < A; < n - 1, 
otherwise. 



We check that k & K. Then, since Ha is right i^T- invariant, we have 



HnJWnX) = HnJWnX) 



n— 1 



{^S^n — m + l f^n — m l)/2 



m=l 

n-1 

n 

m=l 
rn-1 



?1 



qm+1 



nf— ) 



(o-ri — m + 1 ^n — m l)/^ 



if„_i,s(w„_ix'). 



n—m ^n—rn+l 



an-m- This proves the claim. 



Here we used (11.71) and the relation a„_m+i — a. 

Returning to the integral (11.61) . we change variables from Xj^k {1 < j < k < n) to x'^ 
{l<j<k<n — 1) and Xj (1 < j < n — 1); we further substitute Xj — )■ (—1) 
(1 < j < n — 1). Then we get 



n-j-l 



rn-1 



■j=l 



-(aiH ha„_j) + |a| 
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/ Ha{wn-ix) ■ exp ( -27ri 

7Rn(n-l)/2 \ ^ 



1 



exp< —2711 1 



n-1 



XjXj+l 



•n-1 / ^ \ (a„_j+i-a„_j-l)/2- 



n 



1^ ■ Ji.'^ 1 V 1j+^1k 
l<j<k<n—l » ■'J ' 



n—1 



l<j<fc<n-l j=l 



Now we can use (11.61) to integrate with respect to x^- we find that 



rn-l 



^,a(a[i/i, • • ■,yn]) = 



a\ 



X 



R" 



(aiH han-j) + |a 

Jn~l,a I 
1 V 

n-1 



-\a\ 
■Vn-l 



rn-2 

n 

■i=i 



(aiH |-a„_j_i) — |a| 



V^2g4 V^n-ign+l 
Z/1 ,1/2 , • • • ,Z/n-r 



X exp< —2nii ^ 



52 

XjXj+i 



13 



rn— 1 



X 



n(— 

, rn-2 



,=1 ^^ + 1 

(ln-j + l— "n-j — 1)/2- 



n 



X 



n-1 



n 



Qj+i 



(HiH ha„_j_i)-|a|' 



l<,<fe<n-l V ^J+l^fc 



QjQk+i 



n-1 



-I j=l 



By collecting the powers of i/j and qj, we arrive at 



^,a(a[Z/l, • • ■,yn]) 

-jai/(n-l) 



■j=i 



Jn-l,a{ a 



yi , 1/2 , • • • , yn-1 



n—1 



X exp<j -27Ti i ^^^^^^ yj ) \ ■ Qi 



q2 qs 

n-1 

nai/(2(n-l))-l/2 TT -1/2 



qn 



The relation f ll.Sp then completes the proof of this proposition 



J=2 j=l 



□ 



1.3. Mellin transforms of class one Whittaker functions. Here we recall certain 
Mellin-Barnes-type representations of class one Whittaker functions. By such a representa- 
tion we mean, essentially, an integral (perhaps multifold) over vertical lines in the complex 
plane, the integrand being a rational expression in Gamma functions times a product of pow- 
ers of the independent variables in question, and the paths of integration being indented, if 
necessary, to separate increasing and decreasing sequences of poles. 
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For complex numbers Sj, let Un,a{si, • • • , Sn-i) and V^,b(si, . . . , s„) be Mellin transforms of 
Wn,aiy) and W^t^iy) respectively: 

rn—l , 



and 



W^.a{a[yi,...,yn-iA]) 



(R+)"-i 



4=1 



J 



(R+)" 



.,=1 % J 



Then Mellin inversion, and the definitions of W^^^iy) and W^^^{y) in terms of W^g.{y) and 
^n,hhj) ("^f- Propositions 11.21 and II. 3p . imply that 

Wypds^ 



W^(a[yi,...,yn]) = y^: 



(27ri)"-i 



Un.a ("^1 ; • • • ; "5n 



Sl,...,S„_l 



(27ri)" 



. . . ,s„) 



Sl,...,S„ 



, . . . , 

n 

4=1 



4=1 



We now recall recursive relations for the Mellin transforms Un^a and Vn^b- 
Proposition 1.5. |12l Theorem 12] We have 



Un,ai^^ly ■ ■ ■ y ^n—l) 





2-1 f 




(47rz)"-2 J^^ 




rra-l 


X 






4=1 


X (iz\ ' ' ' dz>fi_2-) 




= and Zn 



Un-l,d.{Zi, . . . , Zn-2) 



n — 1 



FrI - Zj^i 



[n 



n 



1 J 



ai)rR(s + 02). 



Proof. We use the same notation as in the proof of Proposition II. 2[ and set 



U^^is^ S 



n-1 



Wltiyi,...,yn-i) 



•n— 1 , 

ns, dyj 
■j=i yj . 



Then [121 Theorem 12] asserts that 
SL 



(47ri)"-2 

rn-l 



zi,...,2;„_2 



X 



n — 1 



i=i 

X ■ ■ ■ d2;„_2, 
with 2:0 = Zn-i = 0. This, together with the formula 



Pr + 



[n 



1 / 



Un,aiSi, Sn-l) = U^^ ( Si + — , S2 + . . . , Sn-1 + 

n 



2\a\ 
n 



{n — l)|a| 



n 
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which follows immediately from (ll.2p . then yield the desired result. □ 

For some investigations below in the case G' = GLn-2, we present the following result 
concerning the Whittaker function contragredient to Wn,a- 

Corollary 1.6. For a ip- Whittaker function W on GLn(R), we put 

Wig) = W{wjg-'). 

Then we have 

«a)^(«[l/l, • • -^yn]) = • • 

and (IV^r e W(7r:^„r'). 
Proof. We first prove 

(1-8) Un,a{Sn-l " |a|, • • • , ^1 - \a\) = Un-a{Sl, • • • , 

by induction on n. The case n = 2 follows automatically from the definitions. Now, by 
Proposition 11.51 and the induction hypothesis, we have 

Un,a{Sn-l - \a\, . . . , Si - \a\) 

2-1 



(47rz)"-2 

rn-1 



Un -I a{Zn-2 + |ct| , . . . , ^1 + lo-l 



zi,...,Z„-2 



X 



X dZi ■ ■ ■ dZn-2- 



n — 1 



[n-J)ai 
n — 1 



We substitute Zj — > Zn-j-i — = Zn-j-i — \a\, to find that 

Un,a{Sn^l " , . . . , Si — \a\) 



(47ri)"- 

■n-l 

•i=i 

(47ri)"-2 

n.-l 



-l-a{Zl, ■ ■ ■ , Zn-2) 



Zi,...,z„-2 



^n—j — l ' \(^\ 



Zl,...,2„_2 



n — 1 
{n - i)ai 



Pr ( Sn 



[n-j)ai 
n — 1 



dZi ■ ■ ■ dZn-2 



n — 1 



Tn[sj-Zj + 



Lj=l 

f^n,— a(Sl, • • • ) S^_i). 

Thus we obtain (iLSll . 

Now, since W^^ is right 0(n)-invariant, we have 

«ar(«[i/i, •••,?/..]) 

= (vr4)^K*«[yi,...,i/„]-iw„) 



n — 1 



dZi ■ ■ ■ dZn-2 
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n-l 



U-a.ai^^li • • • 1 ^n—l] 



si,...,s„_i 



■n-1 

n 

•j=i 



c?Si ■ ■ ■ dSfi—1- 



We substitute Sj — )■ s„_j — |a| for 1 < j < n — 1 and use fll.Sp . to find that 



Un,aiSn-l " 1 0. | , . . . , Si — |a|) 



= ^n1-a(a[2/l,---,l/n])- 

Thus we complete our proof. 

Our recursive relation for Vn^b is given by: 

Proposition 1.7. [9l Theorem 4.2] l^e /iave 



■n-l 

n 

•i=i 



(isi ■ ■ ■ dsji—i 



□ 



(47r2)2"-2 

n-l 



toi,...,io„_i 

Z\,...,Zn-l 



X T-R_{Sn - Wn-l - hn)T^{Sn " Zn-l + 6n) li^l " " " dWi ■ ■ ■ dWn-1, 

where we understand that wq = zq = 0. Note that Vi_(b^)(s) = 2~^rR(s + 6i)rR(s — bi). 

Remark 1. Technically, the formula given in the above proposition is of a different form 
from that given in [9l Theorem 4.2]. To show equality of these two formulas, one simply 
integrates with respect to Wi, . . . , Wn-i in the above formula, using Barnes' first lemma (cf. 

DP): 



:i.9) 



/ rR(2; + a)Tii{z + b)TB.i-z + c)Tb.{-z + d) dz 
Am J, 

^ Tnja + c)T^{a + d)T^{b + c)Tn{b + d) 
rR(o + b + c + d) 



1.4. Some identities for ^ and Vn^. In this subsection, we present some useful formulas 
expressing Un,a (respectively, Vn,h) as a Barnes-type vategisl of Un,a (respectively Here, 
by a Barne-type integral, we mean one of Mellin-Barnes type, as described above, but lacking 
the "product of powers of the independent variables." That is, a Barnes-type integral is an 
integral of a rational expression in Gamma functions. In our discussions of such Barnes-type 
integrals, Barnes' first lemma (11. 9p will play a fundamental role. 
We start with an easy consequence of Barnes' first lemma. 



Lemma 1.8. Let 7, 5, Cj and dj (1 < j < n) be complex numbers; also define cq = do = 0. 
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(1) We have 

7I~V^ / n rR(ci-i + 7 + Zj)TB.{c.j + Zj)TTi{dj.i + 5- Zj)TB.{dj - Zj) dzj 

rR(ci + s)T^idi + 7)rR(7 + 5)rR(c„ + i 



rR(7 + S + Cn + d„ 



(47ri)"~i 



2l,...,2„_l 



•n-1 



JJ rR(cj + Zj)T^{cj+i + S + Zj)T^{dj - Zj)T^{dj+i + 7 - Zj) dzj 
(2) We have 

rn-1 

JJ Tn{cj + Zj)Tn{cj+i + 7 + z^) 



(47ri)"-i 



2l,...,2n_l 



•j = l 



rn-1 



X 



Yl rR(c/j_i + 5 - 2j)rR(rfj - Zj) dzj 
rR(ci + 5)rR(c„ + + 7) 1 



rR(ci + 7)rR(c„ + dn-i + 5) (47ri)"-i 



2l,...,2„_l 



X 



■n-1 



JJ rR(cj + 2;j)rR(9+i + 5 + Zj)T^{dj_i + 7 - Zj)rR(c?j - Zj) dzj 
lj=l J 

Proof. Let first us show (1). Using Barnes' first lemma fll.9p . we can integrate in all 
variables on either side. On the left hand side, we get 

TT ^n{cj-i + dj_i + 7 + 5)T^{cj^i + dj + 7)rR(cj + dj_i + (5)rR(cj + dj) 
|jL rR(cj_i + Cj + cij_i + (ij + 7 + 5) 

while on the right hand side, we get 

rR(ci + 5)T-R,{di + 7)rR(7 + 5)rR(c„_i + dn-i) 



n-2 

xn 



rR(c„_i + dn-l + 7 + ^) 

T^{cj + dj)T^{cj + dj+i + 7)rR(cj+i + dj + 5)rR(cj4.i + dj+i + 7 + 5) 



rR(cj + Cj+i + dj + +7 + 5) 

The two sides are then readily seen to be equal. 

The latter claim (2) follows similarly from Barnes' first lemma. □ 

We now present some expressions, to be of use to us in the next two sections, for Un,a as 
integrals that themselves involve Un^a- 

Proposition 1.9. (1) For a complex number a, we have 

rR(p„_i + (T + |a|) 1 



Un,a{Pl^ • • • 'P^ 



n-lj 



(1.10) 



Y[U^n{<y + a,) (47r^)-i 



rn-1 



Un,a{(ll, • • • 5 Qn-l) 



qi,...,qn-i 



X 



n ^^^Pj - ?i)rR(Pi-i - qj + (^) 

■j=i 



dqi ■ --dqu-i. 
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Here we understand that po = 0. 
(2) For a complex number a, we have 



(1.11) 



X 



■J 

•n-1 



Un,a{Ql, • • • ; Qn-l) 



n ^^(Pi ~ ?i)rR(Pi+i - qj + (t) 

Here we understand that Pn = 



dqi ■ --dqu-i. 



a . 



Proof. Our proof proceeds by induction on n. The case n = 2 amounts to Barnes' first 
lemma (11 .Op . 

Now by Proposition 11.51 the right hand side of ( ll.lOp is seen to be equal to 

rR(p„_i + or+ |a|) 2-1 



n"=irR(cr + a,) (47rf 



2n-3 



qi,...,q„-i 
ri,...,r„-2 



Un-l,a{ri, . . . ,r„_2) 



rn-1 



(1.12) 



•n-l 



n 



+ 



[n 



n-l / 
rfri ■ ■ ■drn-2dqi ■ ■ -dqn-i, 



where tq = and r„_i = — To the integral in the g^-'s in (I1.12p . we now apply Lemma 
11.81 (1) with 7 = ai; 6 = a; and, for 1 < j < n — 1, Cj = —Vj — jai/{n — 1) and dj = pj. We 
thereby find that (11.121) equals 

^niPn-i + + \a\) 2-1 



UU^n{cr + a,) (4 



\2n-4 



(}1,...,(}„_2 
ri,...,r„-2 



Un-l,a{ru . . . ,r„-2) 



X 



X 



X 



rR(-ri - + (r)Tnipi + ai)rR(cr + ai)rR(p„_i - ai + |a|) 



rR(p„_i + cr + ai H ha,, 



■n-2 



■n-2 



72 



(j + l)ai j 



n — 1 



(1.13) 



n ^Rfe' ~ ?i)rR(pj+i - gi + ai) 

1 2-1 



UU^nicT + a,) (4 



l2n-4 



<?l,---,<?n-2 

ri,...,rn-2 



dri - ■■ drn-2 dqi-- ■ (ig„_2 



X rR(p„_i - ai + |a|)rR(g,,_2 + o" - ai + |a|)rR(p„_i - qn-2 + Oi) 



X 



X 



■n-2 

nrR(g,-r,-^)rR(g,_i 



rn-2 





n-l 



cr 



n ^R^' " 9i)rR(Pi - Qj-i + Oi) 



dri ■ ■ ■drn-2 dqi ■ ■ ■ dqn-2- 
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By the induction hypothesis, we can integrate with respect to the r/s, to find that fll.lSp 
equals 



U%2 TrI^ + flj) (47rz)"-2 Jg^^ Tniqn-2 + a - ai + \a\) 



X Un,a[qi 



ai {n — 2)ai \ 
, • • • , (ln-2 ■ 



) 



n — 1 n — \ 

X rR(p„_i - ai + |a|)rR(p„_i - qn-2 + ai)rR(g„_2 + cr - ai + \a\) 



(1.14) 



X 



rfgi ■ ■ ■ (ig„_2 



rn-2 

/■ / cti (ra-2)ai\ 

'Jn,a[(ll — , • • • , (ln-2 ' 

gi,...,g„_2 



(47rz)" 

rn-1 



X 



n — 1 n — 1 y 

dqi-- ■ dqn-2- 



n ^^(Pi ~ ^i)rR(Pi - qj-i + ai) 

Here we've used the fact that that \a\ = |a|; also, we've defined qn-i = a-i — \ci\- 

Finally, after the substitution qj — qj + jai/ (n — 1) for 1 < j < n — 2, we use Proposition 
ll.Sl to find that fll.l4p becomes Un,a{Pi, ■ ■ ■ ,Pn-i)- Thus we complete the proof of fll.lOp . 

The proof of (11. lip is similar: Again, we use induction on n, with the case n = 2 being 
equivalent to Barnes' first lemma (11 .Qp . 

To rearrange the integration over the g^-'s, we first rewrite the identity in Lemma [1.81 (2) 
slightly, by integrating with respect to Zn-i on the right hand side. We get 

rn-1 

JJ Tji{cj + Zj)T^{cj+i + 7 + Zj)T^{dj_i + 5 - Zj)Tji{dj - Zj) dzj 
'-i=i 



(47rz)"-i 



Z1,...,Z„-1 



_ ^njCi + S)Tn.{Cn + dn-1 + 7)rR(Cn-l + dn-2 + l) 

rR(ci + 7)rR(c„_i + C„ + c/„„2 + dn-1 +1 + 5) 

X rR(c„_i + dn-i)T^{Cn + dn-2 + 1 + 5) 

/ n + ^i)rR(ci+i + 5 + Zj 

J 21 Zn-0. 



(47ri)"-2 

■n-2 



W rR(rfj_i + 7 - Zj)T-R,{dj - Zj) dzj 

Applying this formula with cj = Pj {I < j < n — 1), c„ = — |a|, dj = —rj — jai/{n — 1) 
(1 < j < n — 2), dn-i = —ai + \a\, 7 = 0" and 6 = ai, we find that the right hand side of 
(II. lip becomes 



n-=2rR(^-a,) (47r0" 



Un-l,a{ri, . . . ,r„_2) 



ri,...,r„_2 
n-2 



X rR(pi + ai)rR(p„_i -ai + \a\) 



n ^^'^Pj ~ (lj)'^n{Pj+i - qj + ai) 
■j=i 
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X rR(gi + (j) 
X dri - ■■ drn-2 dqi - ■ ■ dqn-2- 



■n-2 

Yl Tr - Tj - + a) Tr (qj 



n — 1 



□ 



Using the induction hypothesis to integrate in the r^'s, together with Proposition \1.5\ we 
prove our assertion. 

Our S'02„+i(R)-analog of Proposition 11.91 is as follows. 

Proposition 1.10. For a complex number a, we have 

Vn,biPu ■ ■ -^Pn) 

1 1 



(1.15) 



n-=irR(a + 6,)rR(a-6,) (4 



■J 

•n-l 



in 



\2n-l 



qi,...,q„-i 
r-i,...,r„ 



Vn,b{ri, . . . ,r„) 



X TuiPn - Tn) dvi ■ ■ ■ dv^ dqi ■ ■ ■ dqn-i- 
Here we understand that go = 0. 

Proof. We again proceed by induction on n. The case n = 1 is an immediate consequence 
of Barnes' first lemma (11. 9p . 

We now apply Proposition II. 7[ to find that the right hand side of (ll.lSp equals 

1 2-1 



n-=irR(^ + &.)rR(a-6,) ■ (4 



Til 



\4ra-3 



giv,gn-l J Wl,...,Wn-l 

ri,...,r„ 2i,...,2„_i 



(1.16) 



■n-l 



X rR(r„ - Zn-l + bn)T-El{rn - Wn-1 - &„) 
■n— 1 -I r n 



n ^R-fe ~ ^i)rR(9i - rj) Yl ^^(Pj ~ ^i-i + ^)rR(gj-i - rj + a) 
'-i=i -I '-i=i 

X rR(p„ - r„) (izi ■ ■ ■ dwi ■ ■ ■ dwn-i dvi - ■ ■ dvn dqi - ■ ■ dg„_i. 
To the integral in the r^-'s, in (I1.16p . we now apply Lemma [1.81 (1), which yields: 

1 f 

7I~\^ / n ^^^'^^ ~ - ^i-i - bn)TR{qj - rj)rR(gj_i - rj + a) 

y^TTt) Jri,...,r„ Lj=i 

X rR(r„ - Zn-l + bn)Tn.{rn - - &„)rR(j5„ - r„)rR(g„_i - r„ + (x) rfri ■ ■ ■ (ir„ 

rR((T - Wi)rR(gi - 6„)rR(cr - 6„)rR(j9„ - Zn-l + bn) 1 



^B.{Pn - Zn-l + Cr) 



(47ri)"-i 



ri,...,r„_i 



X 



•n-2 



n TrI'^j - «^i)rR(rj - Wj+i + cT)rR(gj - r-,)rR(gj+i - Vj - bn) 
j=i 

X rR(r„_i - w„_i)rR(r„_i - Zn-l + cr + &„)rR(g„_i - r„_i)rR(p„ - r„_i - b„ 
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X dri ■ ■ ■ drn-i 

rR((T - bn)Tu{Pn " Zn-1 + &„) 



^niPn - Zn-1 + 0-) (47rz)" 1 7ri,...,r„_i 



X 



•n-1 



n TRl'-j - w^i)rR(rj-i - Wj + a)rR(gj- - rj)rR{qj - rj^i - 6„) 



Then ffTTBD equals 



ri,...,r„_i - 2i,...,2„_i 



•n-1 



(1.17) 



•i=i 



rn— 1 



n ^^(Pj - <lj)^RiPj+i - 1j + f^)rR(gj - rj)Tn{qj - Tj.i - bn) 

^ rR(cr - bn)TRiPn - + fen)rR(r„,i - Z^-i + (J + bn)TR{Pn - r^-i - &„) 

^niPn - Zn-1 + Cr) 

X dzi ■ ■ ■ dzn-i dwi ■ ■ ■ dwn-i dri ■ ■ ■ dvn-i dqi ■ ■ ■ dqn-i- 



We apply Lemma [T78] (l) with (c-,-, dj, 7, 6) = {—Zj,rj, z/„, a) to the integratlin the w/s, and 
Lemma [L8] (2) with (cj, rf^, 7, 5) = {pj, —rj,a, —u) to the integral in the g/s. Then fll.l7p 
becomes 



(1.18) 



1 



n-=irR(a + 6,)rR(a-6,) (Am 



4n-5 



giv,gn-i jwi,...,w„-2 



X 



rR(cr - 2i)rR(ri + 6n)rR(a + fe„)rR( 

^n—l Zn—l) 



rR(r„_i - Zn-1 + cr + bn 



X 



X 



X 



X 



•n-2 



Yl rR(wj - Zj)Tu{wj - Zj+i + cr)rR(rj - Wj)Tuirj+i - wj + 6„) 

rR(pi - bn)Tn{pn - Tn-l + a) 

^niPi + o")rR(p„ - r„_i - bn) 

■n-1 

n ~ ^j)rR(Pi+i - ?i - bn)TR{qj - rj)rR(gj- - rj_i + a) 

■j=i 

^njcr - bn)TuiPl + q-)rR(pn - Zn-l + bn)TR{pn - r„,-i - b„) 
^niPn - Zn-1 + 0-) 

X rR(r„_i - Zn-1 + a + bn)dzi - ■ ■ dzn-i dwi ■ ■ ■ dWn-2 dn - ■■ dvn-i dqi 



■ dqn- 
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We rewrite fll.lSp as 



Un-5 



qi,...,qn-l J Wi,...,Wn-2 

ri,...,r„_i 2i,...,2„_i 



n-2 



rj + a) 



(1.19) 



X rR(r„_i - Zn-l)TB.{rn-l - Wn-2 + &n)rR(g„_l - rn-l)T^{j)n - Tn-l + (x) 



rR(gi + (T)rR(p„ - Zn-l + Z/„.) 
rR(p„ - Zn-l + Cr) 



•n-2 



•i=i 



■n-l 



rn-1 



n TrK-i - 2j + a) JJ T^{pj - qj) Yl ^n{Pj - qj-i - K) 

X dzi ■ ■ ■ dzn-i dwi ■ ■ ■ dWn-2 dri ■ ■ ■ dvn-i dqi ■ ■ ■ dqn-i- 
We apply Lemma 11.81 (2) to the integral in ri, . . . , r„_i,to find that f ll.l9p equals 

1 2-1 



Wi,...,W„-2 
Zl,...,Z„-l 



rn-1 



X rR(gi + b„ 



-I rn-2 



X 



X 



■n-2 

n ^^(^j - 

•i=i 

•n-2 

Y[T^iwj-Zj] 
■i=i 



n ^^(^i ~ '"i) n ^^(^i+i ~ '"i + ^" 

rn— 1 



rR(Pn - '"n-l + K) 



■j=l 



■n-l 



n rR(wj-i - Zj + (r)TR{pj - gj) 
•i=i 



(1.20) 



■ ■ ■ dzn-i dwi ■ ■ ■ dWn-2 dfi ■ ■ ■ dr^-i dqi ■ ■ ■ dq^-i. 

2-1 



X 



X 



n;:i' rR(a + 6,)rR(a - 6,) i^mr^-' J 

n-2 

Yl rR(rj - Wj)T^{wj - Zj 



Wl,...,W„-2 
Zl,...,Zn-l 



■j=l 
•n-l 



Yl Tji{wj-i - Zj + a)rR(rj - wj-i + a) 



X 



•i=i 

•n-l 



rR(r„_i - z 



n-l J 



Yl ^niPj - qj)'^iiiPj - qj-1 - &n)rR(gj - rj)T^{qj - rj_i + br, 

X T^{pn - r-n-l + bn)Tn{pn - ^n-l - K) 

X dzi ■ ■ ■ dzn-i dwi ■ ■ ■ dwn-2 dri ■ ■ ■ dvn-i dqi ■ ■ ■ dqn-i- 
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By the induction hypothesis, we can perform the integration over the w/s and Zj^s. Thus 
fll.20p becomes 



{Ani 



i2n-2 



) ' n~ly 



X 



ri,...,r„_i 

■n-1 



'-i=i 

X T-R,{pn - rn-1 + bn)T-R{pn - Qn-l " &n) rfri ■ ■ ■ dr„_i rfgi ■ ■ ■ rfg„_i 

= • • • 

The last equahty follows from Proposition ll.7[ and our proof is complete. □ 

2. ARCHIMEDEAN ZETA INTEGRALS ON GLn X GLm 

In this section, we explicitly calculate archimedean zeta integrals for degree nm L-functions 
on GLn X GLrn when 0<n — m<2, by applying some formulas given in the previous section. 
When m = n or n — 1, and in the case when the class one principal series representations 
in question are induced from characters trivial on the center of GLn and GL^, the second 
author [29] [30] has proved the coincidence of the local zeta integrals and the local Langlands 
L-factors, by way of a recursive relation between Un,a and Un-2,a obtained in [29]. Here we 
give another proof, which uses a relation between Un,a and Un-i,a, as well as Proposition 11.91 
in §2.2 below. The present proof will not require the assumption of trivial central characters 
that was stipulated in the earlier proof. 

For general n and m, Jacquet and Shalika [TB] have proved local functional equations 
for, and non-vanishing of, the ratio of the archimedean zeta integral to the corresponding 
L-factor. If n > m + 1, it is not generally expected that the archimedean zeta integrals 
should coincide with the local L-factors. And indeed Hoffstein and Murty [S], in the case of 
(n, m) = (3, 1), have expressed the ratio of this local integral to this local L-function as a 
certain integral of Barnes type. 

In this section we generalize the work of Hoffstein and Murty, by expressing this ratio of 
archimedean zeta integral to archimedean L-factor, in the case of GLn x GLn-2 for any n, 
explicitly ClS db Barnes-type integral. 

2.1. Barnes integral expressions for archimedean zeta integrals. We first recall the 
archimedean zeta integrals for the standard L-functions on GLn x GLm- Let W and W be 
'?/' and -i/^'i-Whittaker functions on G'L„(R) and GLm(R), respectively. Let X„(R) be the 
standard maximal unipotent subgroup of GL„(R) consisting of upper triangular unipotent 
matrices. The archimedean zeta integrals we want to study are 



/ W{g)W'{g)<!>{eng)\detg\'dg if m 

J X„(R)\GL„(R) 

1 W^'(^) |det^|'-("-")/2d^ if m<n. 



Z{s,W, W) 



_ ' Xm(n)\GL^(R) 

Here $ is a Schwartz-Bruhat function on R" defined by 



n 

<l>(x) = exp^ — TT ^ Xj^j (x = (xi, . . . , Xn) G R"), 
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and e„ = (0, . . . , 0, 1) e R'^. 

In the case m < n — 2, the zeta integral 

'9 



[ [ X ] W'{g)\detgr^''-^^/'dxdg 



(R) JX^(R)\GL^(R) 



will also be of interest. 

Now let us assume that W and W are class one Whittaker functions. We write W = W^^ 

and W = Wj^^^,, where a = (ai, 02, . . . , an) G C", a' = {a[, a'g, . . . , a^) G C™, and W^^^, 

denotes the ^'""^-Whittaker function determined by W^,^,{g) = ip~^{x{g))W^g^,{y{g)). We 
then define 



In,m;a,a'{s) = Z{s, W^^' ^m,a') 

and 

4V2;a,a'(^) = Z^{s, (W^lv')")- 

The goals cited at the outset of this section may now be described more explicitly, as follows: 

1. To show that In,m;a,a' (s) cquals the corresponding local L-factor, which is a product of 
{n — j)n Gamma functions, in the cases m = n — j for j = or 1; 

2. To show that In,n-2;a,a'{s) cquals the corresponding local L-factor, which is a product of 
{n — 2)n Gamma functions, times a certain Barnes-type integral; that In-2 n-a a'i^) similarly 
equals an L-factor times a Barnes-type integral; and that the former Barnes-type integral 
becomes the latter under the replacement of s by 1 — s. 

The first of these goals will be accomplished in subsection 2.2 below - see Theorem 2.1 - 
and the second in subsection 2.3 - see Theorems 12.41 and 12.51 In the present subsection, we 
develop some Barnes-type integral expressions for In,m;a,a'{s) and Inn-2 aa'i^)^ °f 
in what follows. 

Proposition 2.1. (1) We have 

In,n;a,a'{s) = T^{nS + \a\ + \a'\) 

271-1 



l,...,s„-l 



(27rz)"-i 

X f^n,a'(Sl, . . . , Sn-l) dSi ■ ■ ■ dSn-1- 



UnJs - Si, 2S-S2,...,(n- 1)S - Sn-l] 



(2) For m <n, 



2™ f 

In,m;a,a'{s) = — .n„ n / Un,ais — Si, 2s — S2, ■ ■ ■ , (tTI — l)s — S^-l, 

1 V •i^n— 1 

mS + \a'\,Sni+i, . . . ,Sn~l) 

)dSi-- ■ dSm-ldSm+1 ■ ■ ■ dSn-l- 
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(3) We have 



n,n-2;a,a' J 



. 3 W + \a'\ — 1 



(2.1) 



1 r n-l 

n;:2'rRK-«j+i 

where — (a^, . . . , a)(_i) with 

V / / 3 w + la'l — 1\ 



V / I 

= -S-i + « 2 



3 w + |a'|-l 



(2<j<n-l). 



Proof. We first consider part (1). Since our Whittaker functions and W^^^, are riglit 
invariant, tfie Iwasawa decomposition implies tfiat 

In,n;aAs) = Z{s,W^^,,Wt,ad 



= 2 



exp(-7ry^) 

X W^n'!a(«[yi> ■ ■ ■ > yn])W^4'(«[yb ■ ■ ■ > Vn]) 

= 2" / |/|rl+l"'lexp(-7ry^) 

X ■ ■ ■ > ■ ■ ■ > Vn-i, i]) 



TT yjs-j{n-j)dyj 



■j=i % . 



Tlie integral in Un equals 2~^rR(ns+ \a\ + \a'\). Applying Mellin inversion and the "convolu- 
tion theorem" - which says that the Mellin transform of a product equals the convolution of 
the corresponding Mellin transforms - to the integral in 2/1,1/2, • • • ,yn-i, above, then yields 
the stated formula for In,n,a,a'{s)- 

We now prove part (2). In this case, the Iwasawa decomposition gives us 

(2.2) _ 



W^Mvi^ . . . , y^, 1, . . . , l])W^Aa[y,, . . . , Vm]) 



2"^ / <a(«[yi, ...,ym,h..., l])W^A^[y„ yj) 

J(R+)- 



■j=l 

■ m , 

,=1 



•{s-{n-m)/2)-j{m-j) dyj 



Vj 



Now, for yj e R+ (m + 1 < j < n — 1), we set 
Z{s,W^^^,W^^^,-ym+i,...,yn-i) 

(R+)'" 



■j=i 
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Wa'(3) = ^(5,<.,W^^y;i,...,i). 

Applying Mellin inversion to the right hand side yields 

1 



(2.3) -^ra,m;a,a' ("5) 

where 

^ (Sm+l) ■ ■ ■ 1 "5n-l) 



(27rz)"-™-i 



Z (Sm+l; • • • ; Sn-\) dSm+1 ' ' ' dSn- 



m + 1 1 • • • i^n — 1 



(R+)- 



• n-1 

n y. 

■j=m+l 



i 



(R+)^ 



R^-f n f.-f^ 



(R+)"-l 
2»n 



m , ■ 



\a'\ 
am 



n-1 



n 

Vn 



Un,a{s - Si, 2S - S2, . . . , (m - l)s - Sm-l,mS + |a'|, Sm+1, • • • , Sn- 



Sl,...,Sm-l 



(27ri)™-i 

X ?7m,a'(Sl, . . . , Sm-l) dSi ■ ■ ■ ds 

m—li 

since, again, the Mellin transform of a product is the convolution of the Mellin transforms. 
So we conclude from (12. 3p that 

Un,a{^ - Si, 2S - S2, . . . , (m - l)s - S^-l, 



(2.4) 



(2vrf 



n-2 



•^1 i ■ ■ - j-^m — 1 
m+ 1 V ■ t-^n — 1 



ms + \a I, Sm+i, . . . , s„_ij 

X Um,a'{Sl^ • • • ; ■^m-l) C^-^l ' ' ' dSjn-ldSm+1 ' ' ' dSn-1, 

as required. 

Finally, we prove part (3). We have 



2' 



n-2 



{W^y{M{xi, . . . , Xn-2\ 1/1, ... , l/n-2, 1)) 



(R+)"-2 JR"-2 



X (W^n-2,a')''(«bl'---'?/"-2]) 



•ra-2 



n dx, -+^+1) 



where 



M(a;i, . . . ,x„_2;i/i, . . . ,?/„-i) = a; y 



n-l 



with X = (xi, . . . , x„_2) and y = yn-i ■ Oi[yi, . . . , yn-2\- Then Mellin inversion implies 

1 
27r^ 



In,n-2;a,a'is,w)dw, 
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where 



(2.5) 



^n,n-2-a,a'i^> w) — 2 



n-2 



{Wn,aY{M{xi, Xn-2; Vl, ■ ■ ■ , 2/n-2, Vn-l)) 



x(W^„-2,a')^(«[yi,---,yn-2])C-l 



■n-2 



^3 



+i+i) ^ 



Vn-l 



To complete the proof of part (3) of the present proposition, then, it will suffice to demon- 
strate: 



Claim. 



3 U7+|a'|-l 

2 ^ n-1 



2n;:2rR(ar-av + i) 



with = (a^, . . . , a^__i) as in (12.1 
Proof of Claim. Noting that 



M(X1, . . . , Xn-2; 1/1, • • • , Vn-l) = • • • , Vn-l, 1] " M 

we substitute Xj — )■ Xji/n-i (1 < j < — 2) into (12.51) . to get 



Xn-2 



•,n-2 



(2.6) 



(R+)"-i JR"-2 



(W^^)'' • • • , Vn-l, 1] ■ M(X1, . . . , Xn-2; 1, • • • , 1)) 



x(W^n-2,a')'^(«[2/l,---,l/n-2])?/ri' 



lu+n— 2 



■n-2 



n ^a:,- ^ 



dyn-1 

Vn-l 



Next, we check that g = M{xi, . . . , Xn', !,...,!) has Iwasawa decomposition g = x{g)y{g)k{g), 
where 



x{g) = {x{g)j^k)i<j,k<n with x{g)j^k = < 



1 ^ j = k < n, 

-XjXk/pk l<j<A;<n-2, 

Xj/pn-i l<j<n — 2,k = n— 1, 

otherwise; 



yig) = P 



y/PlP3 ^f¥m y/Pn-2Pn 



P2 ' P3 Pn-1 



and 



1 



l<J = fc<r^-2; 
j = A; = n — 1; 
j = A; = n; 



^(fi') = ik{9)j,k)i<j,k<n with A;(fi')j- A; = < 



-X- 



■Xk/ ^/PjPj+i l<k<j<n-2; 



-^j/y/PjPj+i l<j<n-2,k = n-l; 
Xk/ y/Pn-i j = n - 1,1 < k < n - 2; 

otherwise. 
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Here pj = 1 + J2i=i for 1 < j < n — 1, and Pn = 1. 

So fl2.6p . together with Corollary 11.61 and the substitutions Xj — )■ {—l)^~^~'^Xj for 1 
n — 2, give 



'n,n-2;a,a'l"^) ""^J 



in-2 



X W"^ 

n,—a 



exp 



{R+)"-i JR"-2 



n—3 



Xn-2 
Pn^l 



-yn-2 



a 



JVn-2Vn , ^ 

1/1, ... , ^/Pn-lVn-l, 1 

P2 Pn-1 



X Vr^_2,_„,(a[i/i,...,i/„-2]) 

-n—2 -\ n—2 n—l 

Lj=i -. j=i 



i/n-l 



n n '''' 



We now substitute 



Pj+i 1 
l/i ^ Vj (1 < J < n - 2), ^ ^ 



and collect the powers of the ?/j's and g^'s, to find that 



^n,n-2:a,a'{^, w) — 2 



XjXjj^l Xn—2 

Vj + yn-2 
VPjPj+2 v^P^ 



X (a [l/i,..., 1]) 



X Wt2,-a' 



P2 



Pn-2 Pn-1 

-.yn-3, yn-2 



y/Pn-3Pn-l ^Pn-2 



■n-2 



n—2 , n—l 



— J — J 
«i+(3n-5)/2 (n-l)(2s-3)/4-«)/2 "^Jj -p-|- a?/j 

1/n-l Pn-1 



TT "-^i TT ^ 



Making the change of variables (xi, . . . , Xn-2) . . . , 2;^_2) given by 



X^ Xj 



Pn-1 

PjPj+i 



we find that 



ri 



n-2 , 

ri , -p-|- dxj 



Pi = and W 



"-2 J f 



1 y^n-j 



where r ^ = 1 + X]p=j (^p)^ 1 < J < ''^ — 2 and r„_i = 1. Then we get 



'n,n-2;a,a'(,'5, 



-)n-2 



exp 



(R+)"-i jR"-2 



(n—3 / / 
yXJC^ 



2/j + ^n-2yn-2 



X Wt2,-a' 



a 



r2 



yi, 



■\J^n—3^'n—l 
rn-2 



yn-3, y/r n— 2l/n— 2 
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X 



■n-2 

n 

■i=i 



IS 



n-2 



n—2 n—1 



w+{3n-5)/2 {n-l){2s-3)/4~{w+\a'\)/2 
i/n-l '1 



i=2 



Here, we used the fact that W^_2_a,{a[yi, y/nyn-2]) = '^^M/'^_2 -a'("bi' • • • > 2/n-2])- 
Using Proposition ll.4[ we can evaluate the integral in the variables dx'j as a class one Whit- 
taker function on G'L„_i(R); the result is: 

2^—2 



n2<,<„-i - + 1) 

W^,-aHyi, ■ ■ ■,yn-l, l])^^^n-l,av(«[2/l, 

n-1 



(R+)"-i 
n-2 



2/n-l]) 



n 

•i=i 



Now la^l = — la'l, so that 



-^n,n-2;a,a'('5, w) 



7-{s+a^/{n-2)) 
^3 



in-2 



it^+(3n— 5)/2— |a^ 
1/n-l I I • 



X 



n2<,<n-l - aj + 1) 

A 



W^n,-a(abb ■ ■ • , 1/n-l, l])M^n-l,aV ("bl, ■ ■ ■ , I/n-l]) 

(R+)"-i 

n—1 n—1 , 



'n.n— 1,— a,a^ 



3 W + |a'| — 1 
2 ^ n - 1 



2n;=2rRK-ay + i) 

the last step by (I2.2p . and our claim is proved. This, in turn, completes the proof of our 
proposition. 

□ 



2.2. The cases m = n and m = n — 1. In [291 Theorem 3.4] and |30l Theorem 1.1], the 
second author of the present work has proved the following theorem, under the assumption 
that the characters Xa ^^"^ Xa> ("^f- section 1.1 above) are trivial on scalar matrices. Here 
we present a new proof that requires no such stipulation, and that is simplified by the use 
of new formulas, recently derived by the authors in [12], relating Whittaker functions on 
GL{n, R) to those on GL{n — 1, R). (Earlier proofs of these results used different recursive 
formulas, relating GL{n, R) Whittaker functions to those on GL{n — 2, R), cf. [2S])-) 

Theorem 2.2. (1) For a = (ai, . . . , a^) and a' = {a[, . . . , a^_i), we have 

In,n-l;a,a'{s) = Y\_ Tn,{s + ttj + a'^) . 

i<j<n,l<k<n-l 
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(2) For a = (ai, . . . , an) and a' = {a[, . . . , a'^), we have 

In,n;a,a'{s) = J]^ rR(s + aj + 4). 

^<j<n,l<k<n 

Proof. Our proof here is based on a relation between In,n;a,a' (s) and In,n-i;a,a' (s) , and another 

between In,n-l;a,a'{s) and In,n-l-l;a,a'{s), aS folloWS. 

Proposition 2.3. (1) For a = (ai, . . . , a„) and a' = {a[, . . . , a'^), we have 



In,n;a,a' {s) = J]^ rR(s + a'^ + C 
\-j=l 

where a' = (a[, . . . , a^_i) with a'j = a'j_^_i + a[/ (n — 1) . 
(2) For a = (oi, . . . , a„) and a' = {a[, . . . , a^_i), we have 



n — 1 



In,n—l\a,a' (■S) 



•n-1 



ai + a^- J 



-'n,n— 1 — l;a,a' I "5 _ 

V n — 1 



where a = (ai, . . . , a„_i) wii/i aj = a^+i + ai/(?7, — 1). 

Proof of Proposition. Let us show (2); the proof of (1) is similar. 
By Propositions 12.11 (2) (in the case m = n — 1) and II. 5[ we have 



In,n—l\a,a' ("S) 



(27ri)2"-4 

n-l 



S\,...,Sn-2 
Zl,...,Z„-2 



Un-l,a'iSi, . . . , Sn-2) Un-l,a{Zi, . . . , Zn-2) 



n ( (n — j)ai\ / 

TrI^JS - - Zj_i + ———jTn^js - 

■j=i 



n — 1 



X dZi • • • dZn—2 dSi • • • dSfi—2- 

Here we understand that Sn-i = — and Zn-i = —\a\. We substitute Zj — )■ Zj — jai/{n — 1) 
for 1 < j < n — 2, to find 

1 



In,n—l\a,a' ("5) 



(27ri)2«-4 



f^n-l,a'(Sl, . . . , Sn-2) 



Sl,...,S„_2 
Zl,...,2„_2 

Oi — 2)ai\ 

-, . . . , Zn-2 Z ) 

n — 1 n — 1 / 



rn-2 



X 



JJ rR(js - Sj - Zj_i + ai)Tu{js - Sj - Zj 
i=i 

X rR((n - l)s - Zn-2 + ai + |a'|)rR((n - l)s - ai + \a\ + \a'\) 

X dZi ■ ■ ■ dZn-2 dSi ■ ■ ■ dSn-2- 

We now apply Proposition 11.91 (1), with pj = js — Zj for 1 < j < n — 2 and a = s + ai, to 
integrate with respect to the s/s and get: 

h,n-i;a,a'{s) = T^{{n - l)s - Oi + \a\ + \a'\) Y[ ^r{s + ai + a'j) 
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)n-2 



X 



Un-l,a'{s - Zi,...,{n-2)S- Zn-2) 

(ri-2)ai\ 

, . . . , 2;„_2 ; ) aZi ■ ■ ■ aZn-2- 



2l,...,2„_2 

«! 

n — 1 n — 1 

If we substitute Zj — )■ Zj + jai/{n — 1) for 1 < j < n — 2, we find that 

rn-l 



-^n,n— l;a,a ("5) 
2n-2 



nrR(s + ai + a;) rR((n-i)(, 

i=i ^ 



s — 



ai 



n — 1 



+ a + \a' 



'I) 



1-2 



X f^n-l,a(^l, • • • , Zn-2) dZi ■ ■ ■ dZn-2 

and our proposition is proved. 



To deduce Theorem 12.21 we use induction. First, we consider part (1) of the theorem: in 
the case n = 2, this amounts to Barnes' first lemma. 
Now by Proposition 12.31 (2). we have 



n-l 



In,n;a,a'is) = JJ rR(s + a[ + ttj) JJ Tr (^S - ^^^^ + + a'j 

ai + a[ 



X In-l,n-l;a,a' {^^ 



n — 1 



By the induction hypothesis apphed to In,n;a,a' {s) , we find that 



n-l 



/n,n;a,a'(s) = JJ ^nis + a[ + aj) JJ rR(s + Oi + a^_^i) 

l<i<n-l,l<fc<"-l 
n n— 1 

= Yl ^^(^ + + "i) n ^^(■^ + oi + a^+i) 
i<i<'^-i,i<fc<"-i 

which is the desired result. 

We now turn to part (2) of our theorem. The case n = 2 follows from Proposition 12.11 
(2) (in the case n = 2,m = 1). The general case then follows by Proposition 12.31 (2) and by 
induction (much as in the above proof for the case m = n), and thus we complete our proof 
of Theorem [221 □ 



2.3. The case m = n — 2. We investigate the zeta integrals Z{s, W, W) and Z'^{s, W, W), 
as defined in section 2.1 above, in the case m = n — 2. Note that the case {n,m) = (3, 1) 
has previously been treated in [8j. 
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Theorem 2.4. For a = (ai, . . . , a^) and a' = {a[, . . . , a'n-2), we have 

1 r riLi rR(«^ - aj 



In,n-2:a,a'\S) 



n ^^^^ + + ^'k) 

'-l<j<n,l<k<n-2 



J^. n "Ii rR(s + w + a' 



Proof. We evaluate the integral (12. 4p with m = n — 2. Using Proposition 11.51 to rewrite 

2-1 



t/„_a, we have 



-^n,n—2:a,a' ("SJ 



(27ri)2"-4 

Ti — 3 



zi,-..,z„_2 



(ra - j)ai 



n — 2)ai 



■j=i 



X Tr (n - 2)s + \a'\ - Zn-2 



n — 1 
2ai 



X (n - 2)s + \a'\ - z^-^ + 

X rR(s„_i + \a\ - ai)rR(s„_i - 2:„_2 + — ^ 

V n — 1/ 

X dZi ■ ■ ■ dZn-2 dSi ■ ■ ■ dSn-^dSn-l- 

We apply Proposition 11.91 (1) with a = s + ai to integrate with respect to Si, . . . , Sn-^- 

2n-4 



n-2 



In,n-2;a,a'{s) = J]^ rR(s + Oi + a'j 



Un-l,z{Zl, ■ ■ ■ , Zn-2) 



(27ri)"-i 

X Un-2,a'{s' - Zi, . . . , (u - 3)s' - z^-s) ' rR((?2 - 2)s' + \a'\ - Z^^a) 

X rR(s,i_i + \a\- ai)rR ( Sn_i - Zn-2 + — ^ ) C?2;i ■ ■ ■ dZn-2 dSn-l- 

V n — 1/ 

Here we have defined s' = s — ai/{n ~ 1). 

Next we use Proposition 11.91 (1), with a = s + Sn-i + \a\, to rewrite f/„_2,a'; we find that 



n-2 



4,n-2;a,a'(s) = J]^ rR(s + Qi + a'^ 



2-1 



Sn-l,21,...,Z„_2 
t01,...,UI„_3 



f^n-l,a(^l, • • • , Zn-2) 



X 



rR((n - 3)s' - Zn-3 + S + Sn- 


1 + 


a 


+ 


a'l) 


nj=l rR(s + Sn-1 + 


a 


+ 









n— 3 



X f/n-2,a'(Wl, • • • , Wn-3) ■ Yl TrO'-s' " " '^j) 

i=i 

n— 3 

X Y\ rR((j - l)s' - Zj^i -Wj + S + Sn-1 + \a\) 

i=i 

X rR((r2 - 2)s' + \a'\ - ^„_2)rR(s„_i + \a\ - ai) 

X Fr (sn-l - Zn-2 + " ^ ) d^l " " " dWn-Z dZi ■ ■ ■ dZn-2 dSn-l- 

\ n — 1/ 
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If we define Wn-2 = and Wn-i = {n — l)s' + \a\, the above can be rewritten as follows: 



In,n--2:a,a'{s) = TT rR,(s + tti + a') ■ / f/n-l,a(2:i, • • • , Zn-2) 



j=l «;i,...,iy„_3 



rR(s„_i + 


a 


- ai)rR(s + s 


n- 


-1 + 


a 




n": 


2 
1 


rR(s + + 


a 





n-2 

X 

i=i 

X ■ ■ ■ dWn-3 dZi ■ ■ ■ dZn-2 dSn-1 



n—z 

Yl TrO's' - Zj - Wj)T^(^{j + l)s' - Zj - w,j+i + s„_i + 



We can apply Proposition 11.91 (2) with pj = js' — Wj {1 < j < n — 2) and a = s.„_i + ai/{n — 
1) + |a|, to integrate with respect to Zi, . . . , 2;„_2 (note that the condition Pn-i = —\d\ = — \a\ 
is satisfied because of the definition of Wn-i), and arrive at 

In,n-2;a,a'{s) = Y^^^i"^ + Ol + a'j) ■ ^ / Un-2,a'(wi, . . . , Wn-s) 

0-1 [^m) J Sn-l,Wl,...,W„-3 



X 



rR(s„_i + |a| - ai) n"=i^ rR(s„_i + ^ + |a| - d^-^ 



n"=i rR(s + s„,_i + \a\ + a'j) 
X -wi,...,{n- 3)s' - t(;„_3, (ra - 2)s' + \a'\) 

X dWi ■ ■ ■ dWn-3 dSn-l 
rn-2 



Y[ ^nis + ai + a'j 

■j=i 

1 f n"=i rR(s„_i + \a\ - ttj) 



■ In-l,n-2;a,a'{s') 

■ dSn-l, 



4vr2 Js„., UU ^nis + s^-i + \a\ + a^-) 
the last step by fl2.4p . Hence Theorem 12.21 (1) yields our assertion. □ 
Now as may be seen, for example, in [18], the GLn x G'L„„2 functional equation at a real 
place V relates Z{s,W,W') to Z"" {s,R{wn,n-2)W'^ , {W'Y). Here = ) and 



i? means right translation. In the situation of interest to us here, where W = W^^ and W = 
W^_2a' as above, we may ignore the R{wn,n-2) in {s,R{wn,n-2)W^ ,{W'Y), since W^^ 
is right 0(n)-invariant. The relevant functional equation then relates PF^^, iy„„2 a') — 

More specifically: the functional equation demonstrated in [18] amounts, in the present 
context, to the assertion that 

In,n-2:a,a'is) ^n,n-2:a,a' ~ 



ni<j<n,l<fc<n-2 TrIs + aj + a'fc) Ill<j<n,l<k<n-2 ^^(^ ^ ^ ~ ^^j ~ 



k> 



We now wish to show that the above functional equation may also be derived using results 
contained herein. To do so it will suffice, in light of Theorem 12. 4[ to prove the following: 
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Theorem 2.5. We have 



^n,n-2:a,a' i^) 



n ^^^^ ~ ~ "fc) 

^<j<n,l<k<n-2 

1 r Ui<:i<n'^niw ~ 



47ri ni<j<„-2 TrII -s + w + a'j) 



dw. 



Proof. By Proposition [XT] (3). 



^n,n-2;a,a'i-^) 



1 



/3 w+|a'|-l 

^n,n—l,—a,a^ I TT ~^ i 

\z n — 1 

YlU rR« - ay + 1) 



where = (a^, . . . , a^_^) is as in (I2.ip . We may now apply Theorem 12.21 (1) to the 
archimedean zeta factor inside the integral; we find that 



Airi 



3 w + \a'\ — 1 



n — 1 



ttj + tt)^ 



n 



l<i<fi,2<fc<n-l 



nSrRK-< + i: 

3 w + \a'\ — 1 



n — 1 



X 



47ri 



1 li<,<n ^ ^1^2+ n-l 

Y\U rR(aV - a) + i: 



— aj + a-^ 



dw 



X 



n ~ ~ ^'k-i) 

•l<i<",2<fc<n-l 

1 I" ni<i<„ Tr (^w - flj- -in- 2)s + |a'| + 



3r2 — 5 



+ 



3n — 5 



dw. 



We substitute w ^ w + {n — 2)s — \a'\ ^ — ; we also rearrange the products a bit (letting 

A; — )■ /c + 1 in the product outside the integral; and letting j — )■ j + 1 in the product in the 
denominator of the integrand). The result is exactly the statement of Theorem 12.51 and we 
are done. □ 



3. ARCHIMEDEAN ZETA INTEGRALS ON S02n+1 X GLm 

Global Rankin- Selberg integrals for L-functions on S02n+i x GL^n have been constructed 
in [6] for the cases m = n and m = n + 1, in [7] for the cases m < n, and in [21] for the cases 
m > n + 1. In this section, we will consider the cases m = n — 1, m = n, and m = n + 1. 

As may be seen from the works cited above, the archimedean zeta integrals Je,n;a,b{s) 
of interest to us, for the cases of S02n+i x GLn+i, S02n+i x GLn, and S02n+i x GLn^i 
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respectively, may be given by: 



(R+)" 



j{s-{Zn+l)/2+j)dyj 



Jo,n]a,b{s) — 



(R+)" 



iy„^,(abi,...,i/„])iy„«,(/3bi,...,yj) 



•i=i 



j(s-3n/2+j) dVj 



and 



J-l,n:a,b{s) — 



W^n'^-l,a(abl.---.Z/n-l]) 



X ^nM^\^ Xn-l](3[yi, Vn-l, 1]) 



•n-1 

■i=i 



where 



u[Xi, . . .,Xn-l] 









, with u = 







/I 



J(s-i3n-3)/2+j)dyj 

\ 



n n-1 

i=i 



In this section, we show the coincidence of the archimedean zeta integrals Ji,n;a,6(s) and 
Jo,n;a,b{s) with their associated L-factors. We further demonstrate that the archimedean zeta 
integral J-i^n;a,b{s) equals the associated L-factor time a certain integral of Barnes type. 

To obtain the desired resultsfor Ji^n;a,b{s) and JQ,n-a,b{s), we will need the following propo- 
sition. 

Proposition 3.1. (1) For a = (ai, . . . , a„) and b = (61, . . . , 6„), we have 



Jo,n;a,b{s) 



Y\ rR(s + aj + bn)T-R,{s + Qj - hn) 

-j=l 



•^l,n-l;a,bi^) 



where b = (61, . . . , 
(2) For a = (ai, . . . , a„+i) and 6 = (61, . . . , 6„), we have 

, n"=i rR(g + ai + bj)T^{s + ai - bj) ^ f _^ 



where a = (oi, . . . , a„) with aj = aj^i + jai/n. 
Proof. We first prove part (1). By Mellin inversion, we find that 

Jo,n]a,b{s 



2" 



(27rz)"-i 



f/„,a(Sl, . . . , Sn-l)Vn,bis - Si , . . . , (w - 1 ) S - Sn-l,nS + \a\) 

Sl,...,S„-l 

X dsi ■ ■ ■ dSn-l- 



Then by Proposition II. 7[ we have 

22n-2 



jQ,n;a,bis) 



3n— 3 



Sl,...,S„_l 



Wl,...,W„-l 



Un,a{Sl, . . . , S„_i)l^_-^^(zi, . . . , Zn-l) 
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X 



•n— 1 



Y\_ TrO's - Sj - Wj)Tn.{js - Sj - - bn 



X 



•i=i 

■n-1 

■j=l 

X Tr^us - W7„_i + \a\ - bn)TR{ns - z^-i + |a| + &„) 

X dZi ■ ■ ■ dZn-l dWi ■ ■ ■ dWn~l dSi ■ ■ ■ dSn-1- 

We apply Proposition 11.91 (1) with pj = js — Wj, for 1 < j < n — 1, and a = s — 6„, to 
perform the integration with respect to Si, . . . , whence: 



Jo,n;a,b{s) 



Y\^ii{s + aj - b„ 

•i=i 

22n-2 



X 



(47r2)2"-2 

rn-1 



Wl,...,W„^l 
Zl,...,Z„-l 



Un,a{s - Wl, . . . , (n - 1)S - Wn-l)V^_^l{zi, Zn-l) 



X 



JJ T^{wj - Zj)T^{wj - Zj^i + 6„ 
i=i 

X rR(nS — Zn-l + |a| + bn) dzi ■ ■ ■ dZn-l dwi ■ ■ ■ dWn-l- 

To integrate with respect to wi, . . . , Wn-i, we substitute Wj — )■ js — Wj {1 < j < n — 1)^ and 
apply Proposition [Hn] (1) again - this time, with pj = js — zj {1 < j < n — 1) and a = s + bn- 
We get: 



Jo,n;a,b{s) 



Y[ ^ni-s + aj + bn)Tn{s + aj - br, 

Un,a{s - Zi, . . . ,{n - 1)S - Zn-l) 



2l,...,Z„_l 



(47rz)'^-i 

X K-l • • • ' ^n-l) dZi--- dZn-l 



J]^ rR(s + aj + bn)TYi{s + aj - b„ 
■j=i 



the last step by the definition of Jin-i aZi^) Mellin inversion. Thus we have finished 

the proof of (1). 

We now prove part (2). By Proposition II. 5[ we have 

22n-l 



Jl,n\a,b{s) 



(47ri)2'^-i 



Sl,...,S„ 
^1 ) ■ ■ - j^n — 1 



Unfii^l, • • • ; Zn~l)Vn^b{Si, . . . , S„) 



X 



YlT^[js-Sj-Zj 



■j=i 



jai\ 
n ) 



rR js - Sj - Zj-i + 



[n 



+ 1 - j)QA 
n J 



X dzi ■ ■ ■ dzn-i dsi ■ ■ ■ dsr, 
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Here = —\a\ = — (ai + ■ ■ ■ + ctn+i)- We apply Proposition 11.91 (1), with pj = Zj (1 < j < 

n — 1) and a = 2s + {n — l)ai/n, to get 



Ji. 



X 



n"=i rR(2s + ai + aj+i) 

22n-l r 

(47rz)3"-2 J si,...,s„ 

zi,...,z„-i,qi,...,q„-i 

( in — l)ai , ,\ 

X V^\2s + ^ + Zn-x + |a| j 



Un,a{(ll, ■ ■ ■ , Qn-l)yn,b{Si, . . . , S„) 



X 



X 



•n— 1 

JJ rR(2;j - qj)T^(^Zj_i - qj + 2s 



{n - l)ai \ 



r n 



n rR(js - Sj - Zj - ^)rR (^js - Sj - Zj-i + 



-i=i 

X (igi ■ ■ ■ dqn-i dzi ■ ■ ■ dzn-i dsi ■ ■ ■ dSn- 

We substitute Zj — ~Zj + j(s — ai/n) for l<j<n — l,to find 

1 



+ 1 - j)ai \ 
n J 



J l,n;a,fe("S y 



X 



^3 

22n-l 



si,...,s„ 

^Ivi-^n-liQlviQn-l 



(47ri)3"-2 

X Tniin + l)s - Zn-i + 
ai 



Un,z{qi, • • • , qn-i)Vn,b{si, • • • , s^) 



X 



X 



-n— 1 



•n-1 



T^{ns - s„ - fli + |a|) 



JJrR(2;j_i - Sj + s + ai) 



X dqi ■ ■ ■ dqn-i dzi ■ ■ ■ dzn-i dsi ■ ■ ■ dSn- 



Finally, we apply Proposition [TTTD] with = j{s—ai/n)—qj (1 < j < n—1), pn = ns—ai + \ 
and a = s + ai, to integrate with respect to the Sj's and the Zj^s, whence: 



Jl,n;a,b{s] 



n"=i ^n{s + ai + 6j)rR(s + ai - bj) 



IYl=i rR(2s + ai + aj+i] 



-)2n-l 



(47rf 



in— 1 



Un,a{Ql, • • • ; Q'n-l) 



X Vn,byys ~ -^j - qi, . . . , - -^j - qn-i,n\^s " "^j + kl) '^^i " " -dqn-i- 

The proof of part (2) of our lemma then follows from the definition of JQ^n;a,b and from Mellin 
inversion, and we are done. □ 



We now have 
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Theorem 3.2. For a = (ai, 
L{s; a, b, r) 

L{s] a, A^) 
Also, let i = m — n. Then 
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. , ttm) and b = (61, . . . , we set 

Y\ ^nis + aj + bk)TB.{s + aj -bk), 

JJ T^{s + ttj + ttk). 

l<j<k<m 



J i,n;a,b{s) 

' L{s; a, b, r) 
L(2s;a, A2) 

L{s;a,b,r) 1 



riLi ^'R.i^ + &fc)rR(w - bk 



^ L{2s; a, A^) Airi YYLi T-ei{1 - s + w - aj)Tn{s + w + 



ai 



ifi = or 1; 
dw if i = — 1. 



Proof. Let us first consider the cases i = and i = 1, using an induction argument. By 
Barnes' first lemma, we compute readily that 

7 r \ - + ai + bi)T-E{.{s + ai - bi)Tu{s + 02 + 6i)rR(s + 02 - 61) 

'Jl,2;a,b[^) — 7^77^ ] ] ^ ■ 

rR,(2s + ai + a2) 

Then Proposition 13.11 and the induction hypothesis yield the desired results. 

Let us now prove our theorem in the case £ = —1. Our argument here is quite analogous 
to the proof of Theorem 12.51 

For w E C, we compute the integral 



J-l,n;a,bis, «;) = 2" / / [t/i , . . . , Vn-l]) 

J{R+)"-i JR"-i 

X ^nMxi, . . . , Xn-l]l3[yi, . . . , Vn-l, Vn]) 



■n~l 

n 

•i=i 



j{s-{3n-3)/2+j) 



n—l n J 

j=i j=i 



as follows. We use the Iwasawa decomposition of . . . , Xn-i]f3[yi, ...,?/„] (see the begining 
of the proof of Theorem 12.51) . together with the substitutions Xj — > (YlpZj yp^)^j 1 ^ 
j < n — 1. We follow this with the substitutions 

Vj — =^Z/j (1 < j < n - 1), Vn -T^Vn, 



where pj = 1 + ^pj^ x^ (1 < j < n) and Pn+i = 1- We thereby arrive at the following result: 
J_i,„;a,fe(s, u;) = 2" / / expi-27ri(V 



XjXj^l I Xn~l 

Vj + Vn-l 

yJPjPj+2 



xl?„^,(/3[yi,...,y„]) 



P2 Pn-1 Pn 

yi,---, yn-2, Vn-l 



^Pn~2Pn ^Pn-l 



X 



■n—1 

n 



JS 
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n—1 , " J 
n{2s-n)/4-{w+l)/2 TT "^j TT ^ 
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Next we change variables from {xi, . . . to {x[, . . . ,a;^„J, with x'j = Xj^-p^j (pjPj+i) 

for each j, and integrate with respect to variables x'j by way of Proposition 11.41 We find 
that 



Ilj=l ^^i"^ - - - ^(-5 - f. 



1 



'(R+)" 



Y^yj(n/2+iw-\a\)/n)dyj_ 
•i=l ' 



1 /n w — \a\ 



where a = (oi, 



, a„) with 



^ / \ / \ 1 / I I \ 

ai = -{n - - 2) + ~ 1^1''' 

TTv 1 

CLj = a,_i + s (w — \a\) (2<j< n). 

2 n 

Therefore, the case £ = of the present theorem implies that 

J~l,n;a,b{s,w) 

^ ni<i<n-l,l<fc<nrR(s + ttj + bk)Tnis + - bk) 

ni<j<fe<n-i rR(2s + aj + ak) 
riLi ^ni-in -l)s + ^ + w-\a\+ bk)rj^{-{n - l)s + ^ + w - \a\ - bk 



n;:i rR(-ns + f + 



a, + l)rR( 



{n — 2)s + ^ + w — \a\ + ttj 



Thus Mellin inversion and a change of variable yield our assertion, and we complete the 
proof of Theorem 13.21 □ 

Remark 2. The local functional equation for S02n+i x GLn-i, as described in [25], amounts, 
at real places, to the assertion that 

/[ L{s;a,b,r) ' 

is invariant under (s,a, 6) — )■ (1 — s,—a,—b). This invariance is readily apparent from 
Theorem 13.21 above. 

Appendix: Comparison with unramified computations 

The well-known Kato-Casselman-Shalika formulas describe unramified (nonarchimedean) 
Whittaker functions in terms of characters of finite dimensional representations of the corre- 
sponding L-groups. The unramified computations for S02n+i x GLm can then be achieved 
by combining these realizations of unramified Whittaker functions with certain facts about 
the representation theory of G'L„(C) and ^^^(C), (See [BJ Appendix].) 

In this appendix, we present an alternative, somewhat roundabout, approach to the un- 
ramified calculations for S02n+i x GL„ and S02n+i x GLn+i- This new approach parallels. 
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in a number of ways, our calculations above in the analogous archimedean cases. We hope 
that this suggestion of connections between the unramified and archimedean situations might 
help enable future computations, particularly in the archimedean context. 

The general ideas informing this appendix are as follows. The p-adic analogs of our recur- 
sive formulas for Mellin transforms of Whittaker functions can be understood as branching 
laws for finite dimensional representation of GLn{C) and Spn{C). Moreover, Pieri's rule, 
which gives the decomposition into irreducibles of the tensor product of an irreducible rep- 
resentation with the symmetric kth power of the standard representation, can be considered 
analogous to our Propositions 11.91 and 11.101 By way of these observations, we may there- 
fore perform the unramified computationsin a fashion reminescent of that employed above 
- namely, by reducing the S02n+i x GLn+i (respectively, S02n+i x GLn) case to that of 
S02n+i X GLn (respectively, S02n-i x GLn). 

We begin by recalling explicit formulas for unramified Whittaker functions. Let F be 
a nonarchimedean local field, O its ring of integers, and p = [iaj) its maximal ideal. We 
set q = \0/p\. We take a non-trivial additive character t/^ of F to be unramified. Let 
(respectively, tt^) be the unramified principal series representation with Satake paramater 
a = diag(ai, . . . , a^) € GL„(C) (respectively, b = diag(6i, . . . , 6„, b~^, . . . , 6]"^) G ^^^(C)). 
We sometimes write a = (oi, . . . , a„) and b = (6i, . . . , We then consider the GLniO)- 
(respectively, S'02n+i(C))-fixed Whittaker function W.^,^ E W{7!-^,ip) (respectively, W^ i^ G 
W(7rf,?/^)), normalized such that PF^„(1„) = W^/hn+i) = 1- 

For A = (Ai, A2, . . . , A„) G Z", we put 

a[A] = a[Ai, . . . , A„] = dmg{w^\ w^") G GLn{F), 

/3[\] = /3[Ai, . . . , A„] = diag(ro^S . . . , w^-, 1, w"^", . . . , vj-^') e S02n+i{F). 

We set 

where 6a (respectively, 6b) is the modulus character for the Borel subgroup of GLn (re- 
spectively, S02n+i)- According to the formulas of Shintani and Kato-Casselman-Shalika, we 
have 



wtHX]) 




if A G Vn, 

otherwise, 



i^.mxn Txib) if X e V, 



n ' 



otherwise, 



where X\ (respectively, Xx) is the character of the irreducible finite dimensional representa- 
tion Ti^ (respectively, vr^) of GLn{C) (respectively, Spn{C)) with highest weight A. Here 

Vn = {X= (Ai, A2, . . . , A„) G Z" I Ai > A2 > ■ ■ ■ > Xn}, 

'Pn={X = (Ai, A2, . . . , A„) G P„ I A„ > 0}. 

We define subsets of as follows. For a given A G and a nonnegative integer r, we 
set 

(A) = {yW = (/^l, • • • , /^n) e I Ai > yUi > A2 > ■ ■ • > yU„_l > A„ > fin}] 
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'Pn-lW = {/" = (A^I. • • • 5 Z^n-^l) e "^n-l I -^1 > /^l > A2 > " " • > A„_i > > A„}; 

p:^(A) = {/iGP+iAGP+(/i)} 

= {/i = (yUl, . . . , /i„) G P+ I /ii > Ai > /i2 > ■ ■ ■ > \n-l > /in > A„}; 

P+,(A) = {^GP+(A)||A|-H=r}; 

p:,,(a) = {/i g p:(a) I A G p+ ,(/.)} = G p:(a) i i/^i - iai = r}. 

Here we write |A| = J27=i ^'^^ ^ "^r^- 

We first state the nonarchimedean analogs of tlie recursive formulas in Propositions 11.51 
and 11.71 Let A G P^. We have the following: 

(A.i) w^M^])= E «l"''"'^n^-l,H(«M) 

and 

where a = (ai, . . . , a„_i) and 6 = (61, . . . , 6n-i)- These formulas can be interpreted as the 
branching laws 

Trf |gl„_i{c) = vr;^, 

tta Up„-i(c) = m(A,/i)7rJ, 

where the mulitiplicity m^X, fi) is the cardinality of the set {z/ G 'P^(A) | /U G 

To discuss a nonarchimedean analog of the formulas in Propositions 11.91 and 11.101 let us 
recall Pieri's rule. This is a special case of the Littlewood- Richardson rule ([4i §A.l]), which 
describes how the tensor product vr^ ® decomposes: 

If we write (k) := (/c, 0, . . . , 0) G V^, then Pieri's rule Proposition 15.25]) asserts 

1 if/iGp;,(A), 

otherwise. 



(A.3) Mf', 



A{fc) 



We denote by N^^ the Littlewood- Richardson coefficient for S'p„(C): 
It is known that A^^^ may be expressed in terms of M^^ as follows: 

AK / J (TV TV err 



(lU §25.3]). From the Littlewood-Richardson rule, we find that 

1 if cr = (r) and t = (k — r) for some < r < k, 
otherwise. 
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Then Pieri's rule ( IA.3P implies a Pieri-type rule for Spn{C)'- 

0<r<k V 

(A.4) = E E El 

= tl{^ G P+(A) n I |A| + |/i| - 2|z/| = A:}. 

Let /ifc denote the /cth complete symmetric polynomial in n variables: 



Ki-i <---<iu<n 



If we set 



h^{a) = hr{ai, . . .,an), 



hk{b) = hripi, . . . ,6„,6i \ . . . ,6„^), 

then and /if give the characters of representations with highest weight (/c, 0, . . . , 0) of 
GLn{C) and Spn{C>), respectively. Thus flA.SP and flA.4l) imply that 

E ^nM^A) = ht{a)WtH>^]) 

and 

E E E ^uAM) = h^Mw^,,{m) 

for A G P^. In light of the formulas 

oo n 

E^^(«)^' = ^(l-v)"^ 

fe=0 j=l 

oo n 

E^^(^)^' = ^{(l-M)(l-&7'^)r^ 

fc=0 3=1 

we arrive at our nonarchimedean analogs of Propositions 11.91 and ll.lOt 



(A.5) 



Using the above formulas, we now compute the unramified zeta integrals in a manner 
similar to that employed above, in the archimedean situation. The unramified zeta integrals 
for S02n+i X GLn and S02n+i x GLn+i are given by 
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and 

Jl,n;aM= E [A, 0] ) [A] )g-|^^ 

respectively. Here we have written a[A, 0] = a;[Ai, . . . , A„, 0]. 

We can relate Jo,n;a,fe(s) (respectively, Ji,n;a,6(s)) to J i^ri^i.^Ji^s) (respectively, Jo,n;a,6(s)) as 
follows. From ( IA.2I) . we have 

We use (lA.SP with t = h^^q^'^ and t = hnq~'^ successively to sum over A and z/: 

n 



n 

Now, let us consider Ji,n;a,fe(s). We observe that f lA.ip implies 

Jl,n;a,.(3) = E E N ) W^n^.(/3 W 

Apply flA.SP with t = a„+ig~^'* to W^~(Q;[/i]), to get 



n 

J JJ(1 - ajan+iq'^'y^^Jl,n;a,b{s) 



= E E E ^^H(«M)^^i:.(/3[A])aS--t'^'-^"^'g-^'^l"^l^'-^'^'^^ 
= E ^n^s("M)^^'^'^ E E W^M>^]){a^-^,q-^r^\'\-'\>^\. 

By flA.6p with t = an+iq~^, we can sum over A and fi, to get 

, , , _ n;=i{(l - an+ib,q-')il - an-,ibj'q-n}-' ^ 

lli=i(i 

and we are done. 
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